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describe three different applications of the method in problems with isotropic and orthotropic materials working in plane stress and plane strain approximation and subject to harmonic loads.
Introduction and motivation
In many systems governed by partial differential equations (PDE), the most important quantities of interest are not the full field variable, but rather outputs that describe the characteristic features of the system, such as energies, forces, temperatures, fluxes or critical stresses/strains. These outputs are controlled by parameters, or inputs, that describe the configuration of the system, or else by components, such as geometry, properties, loads or environment settings. The relevant system behavior is thus described by an implicit inputoutput relationship, or a mathematical description of the physical problem. As the physical problem becomes more complex, the computational time may increase prohibitively; in some cases, it is even impossible to provide enough resources to store the necessary data. The current computational methods may thus prove inadequate, especially in those contexts requiring real-time response or many queries, for example, engineering optimization and adaptive design, parameter estimation or feedback control of processes.
The reduced basis (RB) method is a computational procedure that provides both fast and reliable evaluation of an input-output relationship. The main ingredients are (i) rapid uniformly convergent reduced basis approximations [16] ; (ii) the possibility to use a posteriori error estimation [25] which provides sharp and rigorous bounds for the error in the output and (iii) offline/online computational strategy which allows rapid calculation of both output approximation and associated error bound. The result is straightforward: an output calculation method which has both the accuracy of a "full" numerical simulation model (say, using the finite element method) and inexpensive computational cost. Besides, the development of a posteriori error estimators is another key ingredient which leads to minimize the computational cost while ensuring the achievement of a sufficient accuracy.
The reduced basis approximation has been first introduced in the late 1970s [17, 20, 21, 22, 23] for complex nonlinear structural analysis, but only recently it has received a lot of attention and has been analyzed from a methodological point of view, and developed to be applied to a much larger class of parametrized PDEs (with emphasis on reliability, efficiency, accuracy and convergence), − in particular, linear and nonlinear elliptic PDEs with affine and nonaffine parametric dependence − relevant to many engineering applications. In the elasticity field see, for example, recent works such as [18, 33, 12, 10] . For a wider perspective on RB see [24] .
The goal of this paper is the extension of RB method to problems arising in linear elasticity with many parameters of different nature (either physical and geometrical) representing different materials, configurations and loads. We apply RB methods to approximate problems using plane stress and plane strain formulation [31] and to deal both with isotropic and orthotropic materials, for example composites [3] , by parametrizing also the constitutive law for the material.
The paper is organized as follows. In the next Section we introduce an abstract formulation for a general parametrized problem and the approximation of its solution and an output of interest. Then in Section 3 we briefly recall the reduced basis methodology, based on our "truth" finite element approximation, and its ingredients and properties. In Section 4 we recall the mathematical formulation of linear elasticity problems, in Sections 5, 6 and 7 we present several model problems as examples: numerical results are discussed and compared to theoretical and other numerical results already available whenever possible. In particular in Section 5 we present a bi-material rod working in plane strain formulation and made up of isotropic material; then in Section 6 we deal with an orthotropic lamina and then composite materials in plane stress formulation. In Section 7 we discuss results dealing with a damaged isotropic lamina working in plane stress and under harmonic shear loads. Finally we discuss some future works and perspectives.
2 Parametrized problems
Exact formulation
We consider a polygonal domain Ω ⊂ R d , with d = 1, 2 or 3 and a functional space X with its associated scalar product (., .) X and norm . X = (., .) 1/2 . We define a set of P parameters D µ ⊂ R P , whose elements (the parameters) are indicated with µ. We introduce a parametrized bilinear, symmetric, continuous and coercive form a : X × X × D µ → R and the continuos linear forms f : X × D µ → R and l : X × D µ → R.
A crucial property to deal in an efficient way with parametrized problems is the affine decomposition of the operator that governs our problem, so that we can rewrite the bilinear form a(w, v; µ) as
for q = 1, ..., Q (not too large) parameter-dependent functions σ q : D µ → R, and parameterindependent forms a q : X × X → R. The affine parameter decomposition is also applied to f (v; µ) and l(v; µ), but for simplicity we may consider f (v) and l(v). The abstract formulation of the problem is: ∀µ ∈ D µ , compute the output s(µ) ∈ R with:
where u(µ) ∈ X is called the state variable and is in fact the solution of the variational problem
Galerkin Approximation
To compute the solution u(µ) of (2) we first introduce a finite element discretization. For that, let X h ⊂ X be a finite element space of dimension N associated with a fine triangulation of our domain Ω [26] . The Galerkin-finite element approximation reads: ∀µ ∈ D µ , compute the output:
where u h ∈ X h is the solution of
We introduce a suitable basis for X h {ϕ m , m = 1, ..., N }, the associated symmetric and positive definite matrix A h (µ) ∈ R N ×N , defined as:
and the discrete functionals F h (or L h ) ∈ R N as
We can formulate the Galerkin problem as: for all µ ∈ D µ , compute the output:
where u h (µ) ∈ R N is the unique solution of
Note that u h (µ) and u h (µ) = (u h 1 , ..., u h N ) are related by the expression:
For simplicity we consider just "compliant" output, i.e. l(u) = f (u).
Reduced basis (RB) approximation
We introduce a set of "snapshots" S N = {µ 1 , ..., µ N } where µ n ∈ D µ , n = 1, ..., N . For each µ n we compute a finite element solution u h (µ n ) in the space X h on a sufficiently fine mesh. We define the global reduced basis space as:
In the RB formulation we look for an approximation u N (µ) of u h (µ) in W N , given as:
where u N (µ) ∈ R N is the vector of the "weights" u N j , j = 1, ..., N ; u N (µ) ∈ W N is the reduced basis solution, according to (9) . The reduced basis approximation is: ∀µ ∈ D µ , compute s N (µ) = l(u N (µ)), where u N (µ) ∈ W N is given by:
In Figure 1 we heuristically represent the main idea of the method: we suppose that every point on the line represents a different solution for a different µ n , the line represents the (smooth) manifold induced by the parametric dependence of the specific problem, this manifold is the subspace W N ⊂ X h : a new and generic solution u h (µ new ), for a new value µ new of the parameter is gotten as a linear combination (
Figure 1: Heuristic idea of low dimensional manifold on which the parametrized solutions reside (left): the space W N made up of global selected approximation functions; solutions u h (µ n ) for selected values of parameter µ on the manifold and u h (µ new ) as combination of previously computed solutions (right).
By selecting as test functions the basis elements of W N components, i.e. v = ζ i , i = 1, ..., N and replacing (9) in (10) we build the algebraic system to get u N (µ) ∈ R N :
and to compute the output
The elements of A N (µ) ∈ R N ×N are given by
As ζ i is the finite element solution for a certain µ i , we can develop ζ i in terms of ϕ m , m = 1, ..., N :
By replacing (14) in (13) we have:
and thanks to the bilinearity of a(., .; µ), ∀µ ∈ D µ , we get:
Using a more compact formulation:
Indicating with Z = {ζ 1 , ..., ζ N } we write:
Thanks to the affine decomposition of the operator, the bilinear form a(., ., µ) can be split as follows:
Consequently, we can get a great computational saving by decomposing
into this form:
Then from (19) we get
The Q matrices A q N ∈ R N ×N need to be computed only once since they are parameter independent, A q N = Z T A q h Z, q = 1, ..., Q. Then the parametrized operator can be obtained by a simple assembling procedure:
We adopt the same procedure for the right-hand-side:
The resulting RB problem
with A N (µ) ∈ R N ×N and F N ∈ R N , features matrices A N (µ) that are full, whereas those A h (µ) of the underlying finite element method are sparse. To solve (21) we will use direct methods [27] , since the size of matrix N is in general small (much smaller than N ).
The computational procedure can be split into two parts: an (expensive) offline part devoted to the computation of parameter independent terms and performed only once, and an (inexpensive) online part devoted to the computation of parameter dependent terms and performed many times. We report the two steps for the calculations and their computational costs in term of operations:
• offline: we compute N FE solutions u h (µ n ), one for each µ n ∈ S N . We assemble and store the parameter-independent matrices A q N = Z T A q h Z for q = 1, ..., Q and the same is done for
• online: we compute parameter-dependent functions σ q (µ), the matrix
is assembled, then the system A N (µ)u N (µ) = F N is solved and we compute the output of interest
All the online operations are independent of the dimension N , and they depend only on N and Q; since N is normally really small, the output can be computed in real time, once all the offline calculations are carried out and the corresponding results are stored. For all the new values of µ we need O(QN 2 ) assembling operations and O( Other important aspects of the RB formulation are (i) the availability of an error bound theory to develop a rapid a posteriori error estimation based on residual calculations, see for example [25, 28] , and (ii) the studies on a-priori convergence and error estimation, see [16, 24] .
A crucial aspect is the availability of a good algorithm to select snapshots and basis functions to build the reduced basis approximation space. Given the higher powers of N that appear in the online complexity estimates, it is crucial to control N more tightly. We first construct, offline, an approximation that, over most of the domain, exhibits an error ǫ N (µ) = e(µ) X = u h (µ) − u N (µ) X less than ǫ prior d
: we begin with a first point µ 1 (S N ′ =1 = {µ 1 }); we next evaluate ǫ N ′ =1 (µ) over a large test sample of parameter points in D µ , Σ prior ; we then choose for µ 2 (and hence S N ′ =2 = {µ 1 , µ 2 }) the maximizer of ǫ N ′ =1 (µ) over Σ prior . We repeat this process until the maximum of ǫ N ′ =N prior (µ) over Σ prior is less than ǫ prior d
. Then, online, given a new value of the parameter, µ, and an error tolerance ǫ post d (µ), we essentially repeat this adaptive process -but now our sample points are drawn from S N prior , and the test sample is a singleton -µ. Typically we choose ǫ
since our test is not exhaustive; and therefore, typically, N post (µ) ≪ N prior . With the adaptive process we get higher accuracy at lower N : modest reductions in N can translate into measurable performance improvements. This procedure is very important not only to get a computationally cheaper and faster procedure but also to avoid ill-conditioning in matrix assembling procedures [30] . For this reason many different algorithms have been developed to apply also a posteriori error bounds adaptively, see [34, 24] . Important extensions on the application of RB methods in linear elasticity may involve a dual problem to treat general outputs [33, 19] (the latter can be either linear or quadratic [12] ) as well as the treatment of more general operators [18] accounting also for inertial effects.
Linear elasticity equations and their parametrization
We briefly recall the elliptic equations for a general linear elasticity equilibrium problem [15, 2, 5, 32, 35] , considering a homogeneous body in a domainΩ ∈ R d with boundaryΓ
and boundary conditions onΓ. Hereσ ij =Ĉ ijklεkl represent stresses,b i the components of a given force field,Ĉ ijkl is the elastic tensor 1 (everywhere in this paper summation on repeated indices is understood). Thanks to the symmetry of the latter we can writê
1 If we consider isotropic materials the elastic tensor is given byĈ ijkl = c1δijδ kl + c2 (δ ik δ jl + δ il δ jk ), where c1 and c2 are the Lamé constants given by c1 = Eν (1+ν) (1−2ν) and c2 = E
2(1+ν)
, where E is the Young Modulus and and ν is the Poisson coefficient. Thanks to the symmetry ofσij andε kl , for the elastic tensor we havê C ijkl =Ĉ jikl =Ĉ ijlk =Ĉ klij . This formulation is still valid in the plane stress approximation, while when we consider orthotropic materials the elastic tensor should be redefined.
whereû k represents a displacement. The linearized deformationsε kl are given bŷ
which represents the linearized strain tensor. For the problem (22) we consider Dirichlet conditions (where we impose a displacementû i , typically zero) onΓ D ⊂Γ. Precisely:
and Neumann conditions (as we impose a distributed load or a free-stress condition) onΓ\Γ D :
whereê n i andê t i represent the components of normal (n) and tangential (t) unit vector, respectively. Note thatΓ D ∩Γ N ≡ 0.
We now derive the weak formulation of (22), we introduce the functional spacê
and the associated seminorm in (
Multiplying (22) for the test functionv ∈Ŷ , integrating onΩ, using the divergence theorem and applying boundary conditions we get
In compact notation we can write
where
with
In the caseΩ is made up by different portions of different materials, for example R homogeneous subdomainsΩ r such thatΩ
where we indicate withΩ the closure ofΩ, the weak formulation is still governed by (30) , however now we have
C r ijkl is the elastic tensor inΩ r , and (∂Ω r ∩Γ N ) is the portion ofΓ N ⊂Ω r .
Parametrized formulation and mappings
On problem (30) - (35) - (37) we highlight the parameters that are associated with variation in the geometry (domains), boundary conditions (loads), physical properties (materials) to apply the affine decomposition of the operators into different components.
In the case of geometrical parametrization, at each subdomainΩ r , r = 1, . . . , R, a reference subdomain Ω r , r = 1, . . . , R, is associated so that Ω = R r=1 Ω r where, for eachx ∈Ω r , r = 1, . . . , R, its corresponding image x ∈ Ω r is given by
and we get the following transformation to be applied to each derivative term
We introduce a new functional space
and for allŵ ∈Ŷ , we define w ∈ Y such that w(x) =ŵ(G −1 (µ; x)). We get
where e t is the tangential unit vector to Γ and
It follows that A(µ)w, v = Âŵ ,v whereÂ is given by (35) while A(µ) by
Note that we may introduce a parametric dependence directly inĈ r ijkl (µ) when we consider physical parameters, not related with a geometrical transformation. In the same way: F (µ)w, v = Fŵ ,v whereF is given by (36) and
The abstract formulation (30) is the following:
The compact tensor C r ijkl (µ) is given by
The terms arising from the affine decomposition are:
and q : {1, . . . , d} 4 × {1, . . . , R} → {1, . . . , Q A }.
Thanks to the symmetry of C ijkl (µ), Q A can be assumed as
Helmholtz equations
To account also for inertial effects due to harmonic loads with frequency ω, the D'Alembert principle leads to the following equilibrium equations
whereΣ ij =σ ij e −κωt (with κ imaginary unit) are the harmonic stresses,B i =b i e −κωt the harmonic volume forces,Û i =û i e −κωt the harmonic response of the system and ρ the material density. The same boundary conditions than in the steady case apply. From (56), we get
so thatσ ij ,b i andû i (functions of ω) represent the amplitude of the same quantities as in the steady case. The weak formulation of (57) is
Examples of parametrization
We consider various kind of parametrizations, which characterize: Applications will concern isotropic constitutive law (whereĈ ijkl depends on E, G and ν), orthotropic materials (whereĈ ijkl depends on E x , E y , ν xy , ν yx and G xy ), general orthotropic law (whereĈ ijkl depends on E x , E y , ν xy , ν yx , G xy and also on the fibers angle θ with respect to the load direction).
Isotropic materials in plane strain
We propose a first application concerning an isotropic material in plane strain formulation. We compare the solutions obtained by the reduced basis method and by the finite element method, by computing the errors on the H 1 semi-norm and we provide some indications on computational times and savings.
The plane strain approximation is used to study linear elasticity problems in two-dimensional domains [13, 6] , considering a generic section and assuming equal to zero the deformations in the orthogonal direction of the section. Starting from (23) we can write
whereγ ij = 2ε ij . We impose the plane strain approximation:
where z is the direction orthogonal to the section x, y, so that from (60) we get the plane strain formulation:
In this case the Lamé constants are given by
where G is the elastic tangential modulus for the material.
A Bi-material rod
We consider a long and isotropic structure with a compression load on one side of its section (the other one is clamped). See Bi-material long and isotropic structure with a compression load in plane strain formulation. • Geometry: the domainΩ is made up by two variable subdomains:
, with L, S 1 and S 2 being geometrical parameters.
• Physics: the materials in the subdomains are parametrized by the Lamé coefficients, i.e. G 1 , G 2 , λ 1 and λ 2 , bound to Young modulus and Poisson coefficient by (63) and (64).
• Engineering: the loadsf 1 n = − P S 1 andf 2 n = − P S 2 depend on a variable total force P acting on each subdomain.
The vector of parameters is:
The boundary conditions onΓ
while onΓ N =Γ 1 N ∪Γ 2 N we have:
where r = 1, 2. Note thatf t is zero. The mathematical formulation of the problem is:
where R = 2.
The geometrical transformation to the reference domain is G r (x)(µ) :Ω −→ Ω, given by (38), where g = 0 and
For Ω 1 :
while for Ω 2 :
Introducing all the parameters in the problem and in the domain transformation we obtain:
and (74) (compacting the notation so that
By the affine decomposition we write:
By using (50) and (53), (75) becomes
The output of interest is the average displacement on Γ n
Numerical results
We report as example in Figure 4 a visualization of displacements for the problem we are considering, assuming a bi-material section made up of aluminium and steel, for example see [7] . The reduced basis method is very efficient for the solution of parametrized problems. We report the Matlab cputime using an implementation on Intel Pentium IV, 2.6 GHz and 512 MB RAM. In Figure 5 the comparisons are carried out by computing 80 and 50 FE and RB solutions for the same parameters combinations and for different dimensions of the RB space (N ). RB allows a computational saving of 95% with respect to FE, without considering time to build (and rebuild) meshes using FE or to assemble the basis for RB. The average time to get a FE solution is 1.4s while to get a RB solution for N = 20 is 0.06s.
We report now some results concerning the rapid convergence of the method: in Figure  6 we show the max and the average relative error |e
testing a large number of different configurations (500) depending on 8 parameters and varying N . The basis is optimized according to the procedure described in Section 3. The points (spots) for every N represent the error for a single configuration. 
Applications to orthotropic materials in plane stress
We consider an orthotropic material and one of its generalized model used to describe a composite material, made up of fibers and matrices, changing the fibers direction with respect to the load, using a micro-mechanical approach [4, 9] . Composite materials are often designed to demonstrate some specific mechanical properties in the framework of material tayloring where it is important to get a real-time answer (i.e. output representing stress or displacement) when loads, mechanical or geometrical properties are varying. Composite materials are considered working in a regime of plane stress and in a two-dimensional lamina, the width (z) is in fact considered very small compared with the planar dimension (x, y). We make the following assumptions: • matrices have an elastic, linear, homogeneous and isotropic behavior;
• fibers have an elastic, linear, homogeneous and isotropic behavior and are aligned;
• the lamina should have an elastic, linear and orthotropic or general orthotropic behavior;
• there are no holes in the material and between fibers and matrices;
• we refer to a small volume of material on which we consider stresses and displacements as uniform.
A simple approach to get global mechanical properties of the lamina starting from the ones of fibers and matrices is provided by the Reuss-Voigt model [4] where
under the constraint of volumetric fractions composition:
The subscripts f and m represent fibers and matrices respectively. See [8] for more analytical and experimental considerations about composite materials homogenization. We report the mathematical formulation of the plane stress approximation [3] for an orthotropic material: 
By definition we imposeσ
where z is the direction along which the width is very small (and can be neglected). Substituting (84) in (83), we get
By inverting the matrix in (85), we find:
which we denote by
The elements of the matrix Q rs represent the terms of the stiffness tensorĈ ijkl of the isotropic case. The relationship between Q rs and the physical coefficients describing the material is
Remark. In the parametric case the condition Q rs > 0 yields: 
An orthotropic lamina
We first consider the case in which the fibers are aligned along the x axis. There is a compression load applied toΓ N and the lamina is clamped onΓ D ; no loads on upper and lower side. We have the following parameters (Figure 7 (left)): • Geometry: the domainΩ = (L, S). The parameter is the ratio L S .
• Physics: materials and their concentrations, so that coefficients Q 11 , Q 12 , Q 22 and Q 66 are varying with E x , E y , ν xy , ν yx and G xy , by (89) -(92), and are related to local coefficient of E, G, ν and c of fibers and matrices by (79) -(82). Considering relative variations of fibers properties with respect to matrices the independent parameters are
On the boundaryΓ of the domainΩ concerning displacement we havê
and concerning stresses:σ
The mathematical formulation is:
The geometrical transformation G(x)(µ) :Ω −→ Ω is given by the following tensor
It follows
We rewrite the problem as
Developing the first term (100), by affine decomposition, and using the compact notation (
and by the affine decomposition we have:
Numerical results
We report in Figure 8 the numerical results representing horizontal and vertical displacement (u and v respectively). In this case material is homogeneous (
). E 0 and ν 0 are reference values.
We report now some results concerning the rapid convergence of the method: in Figure 9 we show the max and the average relative error |e N (µ)| Y testing a large number of different configurations (500) depending on 4 parameters and varying N . The basis is optimized according to the procedure described in Section 3. The points at each N represent the error for a single configuration.
We provide also in Table 1 the values of coefficients for the two phases of the material: as fiber we have selected glass and an Epoxy resin for the matrix. In Table 2 we report the value of the global coefficient for the lamina after homogenization.
The values of parameters in the configurations we have tested was varying around the average value we reported in the tables. 
Lamina in the general orthotropic case with varying geometry and angle of fibers
We generalize the example of Section 6.1 by assuming that both the geometry and the fibers direction with respect to the load aligned with x axis may vary. In Figure 10 we represent the schematic lamina under the approximation of plane stresses. In Figure 11 we report the parameters of our model, the mesh is the same as in Figure 7 , while Figure 12 represents the direction of rotation. The parameters are the following ones ( Figure 11 ):
• Geometry: the domainΩ = (L, S), with variable basis L and height S.
• Physics: materials and their concentrations, so that coefficients Q 11 , Q vary, being related to E x , E y , ν xy , ν yx and G xy , by (89) -(92). Consequently, the local coefficient of E, G, ν and c of fibers and matrices are given by (79)-(82). Considering relative variations of fibers properties with respect to matrices, the independent parameters are
νm . In addition we also consider the angle θ of fibers with respect to the main load direction.
The fibers direction is influencing the constitutive relationship between σ and ε, see (86). We describe rotation of 
As described in [4] , we may write:
where the rotation tensor [T (θ)] is given by: 
Introducing Reuter matrices
and recalling that ε xy = γ xy /2, thanks to (87), we can write:
Thanks to (106), (107) and (109), we may verify
The rotation transformation is
where Q 11 , Q 12 , Q 22 e Q 66 are defined in (89) -(92).
There are additional non-zero components due to the coupling between tangential (normal) stresses and normal (tangential) deformations which are typical of an anisotropic material. The lamina is always orthotropic and it is described by 4 physical coefficients (E x , E y , ν xy and G xy ). This is the general orthotropic case [4] . The model is the same of the previous section, only the term (100) is changing due to the rotation of fibers. By an affine decomposition we write:
By separation of parameter-dependent and parameter-independent contributions we have:
The terms A q w, v , with q = 1, ..., 10, are computed once; the only terms varying are the ones depending on µ, thus just Θ q 's.
Numerical results
We report in Figures 13-16 some physical examples at different angles for fibers in the resin. Numerical results represent horizontal and vertical displacement (u and v respectively). In this case the material has the following properties: We report now some results concerning the rapid convergence of the method: in Figure  17 we show the max and the average relative error by testing a large number (500) of different configurations depending on 5 parameters and letting N vary. The basis is optimized according to the procedure described in Section 3. The points (spots) at each N represent the error for a single configuration. In Table 3 we report the reference value considered as average values for the parametrized configurations.
In Figure 18 we report the output (i.e. the average displacement of the loaded side) computed using RB when fibers angle and fibers concentration vary, and all other parameters are frozen.
As already seen the reduced basis method is very efficient for the solution of parametrized problems, we report Matlab cputime on the same architecture of Section 5.2 in Figure 19 (the comparisons are carried out by computing 100 and 150 FE and RB solutions for the same parameters combinations and for different dimensions(N ) of the RB space. RB are providing a computational saving of 97% with respect to FE, without considering the time to build (and rebuild) meshes using FE or to assemble the basis for RB. The average time to get a FE solution is 0.78s and 0.03s for RB with N = 20.
Applications to isotropic damaged materials under harmonic loads
Our last example is a problem with shear harmonic loads and isotropic materials in plane stress. We consider that the material has a damaged zone in the center, so that the stiffness of the central zone is reduced of a damage factor that we indicate with δ and the Young modulus is δE. Also in this case we deal with geometrical, physical and engineering parameters. The plane stress formulation for an isotropic material is: 
By the relationship σ − ε of (116), we get the two Lamé constants c 1 and c 2 :
In Figure 20 we represent a lamina subject to shear harmonic loads on a side and clamped on the other one, and with a damaged inner zone. As represented in Figure 21 the parameters are:
• Geometry: the domainΩ is divided in 9 subdomains with variable dimensions: 
Coefficients Values Coefficients Values
Only 4 over 6 parameters are independent, for example S, M, Z, R. Both the dimension and the center of gravity of the damaged zone can vary.
• Physics: The material can change its properties β and G, and we also introduce a damage factor δ ∈ [0.5, 1] to create a variation in the Young modulus (stiffness).
• Engineering: loadsf 3 t = − the static load T , the shear force in each subdomain. The other parameter is ω, the frequency of the load.
The vector of parameters is µ = {S, M, Z, R, β, G, δ, T, ω} ∈ D µ ⊂ R P =9 .
Concerning boundary conditions, we have:
Concerning stresses, by denotingΓ N =Γ 3 N ∪Γ 6 N ∪Γ 9 N , we get:
where r = 3, 6, 9. The mathematical formulation of the problem is: given µ ∈ D µ ⊂ R P =9 , find s(µ) = L ,û , whereû ∈Ŷ = (H 1 (Ω)) 2 (see (27) 
with R = 9. The geometrical mapping from the original domain to the reference one is: G r (x)(µ) : Ω −→ Ω given by (38), where g = 0 and
For the first subdomain (for example) we write:
while for the other subdomains we can replace S and V with the other corresponding geometrical parameters. By applying the domain transformation we write A(µ)w, v = Âŵ ,v and F (µ), v = F ,v , where
By applying an affine decomposition to each subdomain from (128) and the compact notation we get:
A(µ)w, v = V S (2G + β) 
For the sake of notation we have just written the terms related with one subdomain: by replacing the quantities (S, V ) with (V, L), (V, M ), (R, S), (R, M ), (R, L), (Z, S), (Z, M ), (Z, L) we can get all the terms omitted. For example, just for one subdomain (number 5) where we have a damage factor δ we report parameter dependent quantities Θ q (µ) and parameter independent ones A q w, v : 
Conclusions
We have provided some examples of applications of reduced basis methods in linear elasticity problems depending on many parameters of different kind (geometrical, physical, engineering) using linear elasticity approximation of plane strain and plane stress formulation. Both isotropic and orthotropic models have been considered, using homogenization for the latter to deal with composite materials. Reduced basis methods have confirmed a computational saving of about 95% with respect to a classical finite element formulation, not very suitable to solve parametrized problems in the real-time and many-query contexts. The possibility to treat with more complex outputs introducing a dual problem [24] and also with 3D applications [29] makes reduced basis methods quite promising. Another very important aspect is the certification of the errors in the reduced basis approximation by means of a posteriori error estimators, see for example [11] .
